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The combined Dyson-Schwinger and Bethe-Salpeter equations in rainbow-ladder approximation
are used to search for Regge trajectories of radially excited mesons in the pseudo-scalar and vector
channels. We focus on the often employed Alkofer-Watson-Weigel kernel which is known to deliver
good results for the ground state meson spectra; it provides linear Regge trajectories in the JP = 0−
channel.
I. INTRODUCTION
Despite of the apparent simplicity of the Lagrangian where Quantum Chromodynamics (QCD) is based
upon, it encodes an enormous richness of phenomena, most of them related to the non-perturbative
regime. While lattice QCD allows for an access to many facets of the hadron spectra, the so called
XYZ states pose still a challenge [1]. Apart the quantitatively adequate description of low-lying hadron
states in various flavor channels, the higher excitations call also for a description and confrontation with
experimentally well established facts. It is known for a long time that mesons of a given flavor composition
can be grouped on radial Regge trajectories according to M2n = M
2
0 +nµ
2, where Mn stands for the mass
(energy) labeled by the radial quantum number n = 0, 1, 2, · · · , M0 denotes the ground state mass of a
respective trajectory and µ2 = 1.25 GeV2 [2] or 1.35 GeV2 [3] is a universal slope parameter (cf. [3, 4]
for a recent account and [5–8] for the discussion of the experimental data base). More generally, Ref. [9]
advocates an ordering according to M2n,J = aˆ(n+ J) + cˆ, where J stands for the angular momentum and
aˆ and cˆ are appropriate constants, see also [10]. Often, a grouping according to M2J = M
2(0) + βˆJ is
considered prototypically for a linear orbital Regge trajectory.
While being a phenomenological ordering scheme, the arrangement of hadron states on Regge trajecto-
ries should emerge from QCD, ideally directly without approximations or based on certain symmetries or
as result of suitable models. In fact, the relativistic quark model [11, 12] delivers such linear trajectories.
Also holographic models based on the AdS/CFT correspondence (cf. [6, 13]) cope with Regge trajectories
[14], or even use them as input for constraining the dilaton dynamics for further investigations [15–17].
Moreover, functional formulations of QCD such as combined Dyson-Schwinger (DS) and Bethe-Salpeter
(BS) equations address the issue of recovering Regge trajectories [18, 19] with appropriate interactions
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2kernels and truncation schemes [20]. The latter approach is interesting since it provides the avenue to-
wards addressing the important quest for medium modifications of hadrons in a hot and dense hadron
medium [21]. Considering the medium created transiently in the course of relativistic heavy-ion colli-
sions, the interplay of confinement and chiral symmetry restoration poses further challenges [22]. In this
context, radial excitations of quarkonia play an important role as diagnostic tool: The relative strengths
of ψ(2s) or Υ(2s) states to J/ψ or Υ(1s), measured via their e+e− and µ+µ− decay channels, depend on
the centrality in nucleus-nucleus collisions and are different in proton-nucleus as well as proton-proton
collisions at LHC energies. This is interpreted as a hint to sequential meson melting of heavy vector
states, further supported by the suppression of Υ(3s) in heavy-ion collisions [23–27].
Here, we focus on the question whether the DS-BS approach in rainbow-ladder approximation is capable
to deliver Regge type trajectories of radial excitations when using simple interaction kernels. To be
specific we employ the Alkofer-Watson-Weigel (AWW) kernel [28] in the pseudo-scalar (JP = 0−) and
vector (JP = 1−) channels and search for the first excited states. Such a study is a prerequisite for the
extension to non-zero temperatures [29]. The AWW kernel is known to provide a good description of
meson ground states supposed the analytic properties of the quark propagators are properly dealt with
[30–32]. However, in the literature one finds remarks that AWW is less appropriate for a description of
excitations due to their sensitivity to long-range interactions [20, 28, 33, 34] (for dedicated studies, cf.
[35–39] for instance). Nevertheless, we feel that a further investigation is timely, in particular w.r.t. the
above stressed importance of Regge trajectories as an important feature of the meson spectrum. For the
search of meson excitations we employ a method, based on investigations of zeros of determinants of the
corresponding system of homogeneous equations, to search for the radial excitations of the BS equation.
In our approach, each value of the mass which zeroes out the determinant above the ground state is
associated with one excited state on the 0− or 1− trajectory.
Our paper is organized as follows. In section 2 we recall the DS and BS equations as well as the AWW
kernel. Numerical results are described in section 3. We summarize in section 4. The appendix contains
some technicalities.
II. RECALLING THE DS AND BS EQUATIONS IN RAINBOW-LADDER
APPROXIMATION
The DS equation (also dubbed gap equation) aims at solving
S−1(p) = S−10 (p)−
∫
d4k
(2pi)4
[
−ig2γν τ
a
2
]
Dµν(p, k)Γµ,a(p, k)S(k), (1)
for the dressed quark propagator S, where S0 is the free quark propagator, γ
ν are the Dirac matrices
with {γµ, γν} = 2δµν , τa are color matrices, p and k are four-momenta, g is the QCD coupling constant,
and Dµν stands for the gluon propagator. In Euclidean space, the rainbow approximation consists in a
replacement of the dressed quark-gluon vertex Γµ,a(p, k) by the free one, Γµ,a(p, k) ⇒ −iγµ τa2 and in
a replacement of the exact interaction kernel g2Dµν(k) by the free propagator and a properly chosen
form-factor D(k2), i.e, g2Dµν(k) −→
(
δµν − kµkν/k2
)
D(k2), see below. The equation for the quark
3propagator reads
S−1(p) = S−10 (p) +
4
3
∫
d4k
(2pi)4
[g2Dµν(p− k)]γµS(k)γν (2)
with S−10 (p) = i/p+mq, where the parameter mq is flavor dependent.
The dressed quark propagator S(p) enters the BS equation for the vertex function
Γ(P, p) =
∫
d4k
(2pi)4
K(P, p, k)S(k + η1P )Γ(P, k)S(k − η2P ), (3)
where and p are the total and relative momenta of quarks and η1 + η2 = 1 describes momentum sharing
P = (iM12,0) (for a meson a mass M12 at rest), and the rainbow approximation for the kernel function
K(P, p, k) = −g2Dµν(p− k)
(
γµ
τa
2
)(
γν
τa
2
)
. (4)
In the Euclidean space, the used BS equation becomes then
Γ(P, p) = −4
3
∫
d4k
(2pi)4
γµS(k + η1P )Γ(P, k)S(k − η2)γν [g2Dµν(p− k)]. (5)
Note the complex valued momenta of quarks entering the BS equation (5). In the present paper, we
employ the AWW kernel, i.e. D(k2) ⇒ DAWW(k2) in the decomposition of the gluon propagator in
Landau gauge, g2Dµν(k) = (δµν − kµkνk−2)D(k2) with
DAWW(k2) =
4pi2Dk2
ω2
e−
k2
ω2 , (6)
with the interaction strength parameter D and the interaction range parameter ω. (In what follows,
we employ η1 = η2 = 1/2 and the standard model parameters ω = 0.5 GeV and D = 16 GeV
−2, unless
explicitly noted.) It is the IR part of the Maris-Tandy kernel [40]. Results for the AWW and Maris-Tandy
kernels are compared in [19].
III. NUMERICAL METHODS AND RESULTS
The numerical details for solving the above q uoted DS and BS equations with given truncations
and approximations are described in [41]. In vacuum, the quark propagator can be decomposed as
S−1(p) = iγ · pA(p) +B(p) to split (2) into two coupled integral equations for A and B which, as already
mentioned, are needed for complex arguments p. The introduced functions A(p) and B(p) are referred to
as the quark wave function and quark-mass parameter, respectively. The dynamically generated quark
mass is then M2q = (B(p)/A(p))
2
. Figure 1 exhibits examples for these functions for positive, real values
of the momentum p. Note the non-linear dependence on the quark mass parameter mq.
Making an expansion of the BS vertex function (5) into spin-angular functions, spherical harmonics
and Gegenbauer polynomials and performing the angular integration explicitly, and approximating the
resulting one-dimensional integrals by a proper quadrature formula, one arrives at an algebraic system of
equations in a matrix form Xα = SˆαβXβ with α, β = 1, · · ·N , where N = αmaxNGegenbauerNGauss. Here,
αmax denotes the number of spin-angular harmonics, NGegenbauer is the number of included Gegenbauer
41
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FIG. 1: (Color online) Propagator functions A(p) (left) and B(p) (right) on the posive real axis. Red curve:
mq = 0 MeV (chiral limit), blue curve: mq = 5 MeV, yellow curve: mq = 115 MeV, green curve: mq = 1130 MeV.
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FIG. 2: Smooth determinant function det(Sˆ − 1) as a function of M12 for the pion channel (m1,2 = mq = mu =
5 MeV). For ω = 0.3 GeV and D = 205.761 GeV−2. (These non-standard parameters have been chosen for the
sake of a demonstration example which displays higher excitations.) The arrows denote the masses of ground
state (g.s.), first excited state (1st), second excited state (2nd), third and fourth excited states (3rd and 4th).
polynomials, and NGauss stands for the mesh number of the employed quadrature formula (Gaussian
integration mesh, in our case). The chain of manipulations that leads to the quantity Sˆαβ is recalled in
the Appendix, where also the elements of X are defined, see also Ref. [31] for details.
The energy of mesons as q¯q bound states is determined by det|Sˆ − 1| = 0 with Sˆ being a function of
the quantity M12 which appears in Eq. (15) in the Appendix. An example is exhibited in Fig. 2.
The AWW kernel depends on two parameters, D and ω; in addition the quark masses m1,2 (m1 =
m2 = mq for equal quark-mass mesons) must be adjusted. Figure 3 exhibits examples of meson ground
state masses Mn=0,J(m1,m2) as contour plots over the m1 – m2 plane for the pseudo-scalar (left, J = 0)
and vector (right, J = 1) channels. One can select suitably three meson masses to determine, for given
{ω,D}, the mu/d,s,c quark masses. For instance, Mρ,φ,J/ψ would be such a triple on the m1 = m2
diagonal, see right panel, or include additionally a non-diagonal combination, such as K∗. A consistency
check is provided by a comparison with quark masses delivered by the Mpi,K,ηc mass values by an analog
procedure, see left panel. The off-sets of the dashed horizontal lines in both panels point to a slight
tension, i.e. one can not reproduce exactly the mentioned input meson masses at once for the given
5FIG. 3: (Color online) Contour plot of pseudo-scalar (left) and vector (right) meson ground state masses in units
of GeV for varying quark masses m1 and m2. The colored bullets denote the experimental values of meson ground
states (red: pi/ρ, green: K/φ, violet: ηc/Jψ) which could be used for extracting the bare quark mass parameters
m1,2 (vertical and horizontal dashed lines, labeled by the corresponding quark flavor). In the white region, no
solutions of the BS equation could found w/o accounting explicitly for the pole structure of S in the complex
momentum plane.
interaction kernel parameters {ω,D}. For instance, the corresponding value of mc = 1.110 GeV in the
vector channel can be compared with one suggested in the pseudo-scalar channel, with optimum value
1.130 GeV etc.
In Table I, we present results of our calculations of the mass spectrum of ground states and excitations of
a few first lightest pseudo-scalar (pi, K, ss¯, D and η) and vector (ρ, K∗,φ, Ds and J/Ψ) mesons. Whenever
possible, our results are compared with experimental data [42] and with calculations reported in [19].
The lack of corresponding information in Table I is denoted by ”–”. In addition, we note fpi = 0.133 GeV
and 〈q¯q〉 = (−0.255 GeV)3 [41]. The overwhelming impression is that, despite of the truncation and the
simple interaction kernel, quite reasonable numbers for the ground states are delivered (most notable for
pi,K,Ds, ηc in the 0
− channel and ρ,K∗, φ, J/ψ in the 1− channel), however, with some drastic deviations,
e.g. the pure pseudo-scalar s¯s states do not appear in nature and our failure for D,D∗, D∗s for the given
parameters. (Employing the parameters of [43] we reproduce accurately the D,Ds results reported there.)
Improvements can be established, e.g. to use the full Maris-Tandy kernel and allow for a flavor dependent
variation of the partition parameter η as in Ref. [18, 44]. The latter work includes many more channels
from 0−+ up to 3++. Focusing on the natural Regge trajectory sequence JPC = 1−−, 2++, 3−−, [18, 44]
find a linear relationship M2J = M
2(0) + βˆJ which is intriguing since the approach does not incorporate
any linearly rising inter-quark potential. Due to our restriction on pseudo-scalar and vector channels we
6our results results of [19] [42] our results results of [19] [42]
JP = 0− JPC = 0−+ JPC = 0−− JP = 1− JPC = 1−− JPC = 1−+
Mpi,g.s. 0.137 0.137 0.140 Mρ,g.s. 0.758 0.758 0.775
Mpi,1st 0.986 0.985 Mρ,1st 1.041 1.041 1.465
Mpi,2nd 1.369
∗ 1.300 Mρ,2nd 1.064 1.062
Mρ,3rd 1.287
∗ 1.720
MK,g.s. 0.492 0.492 0.494 MK∗,g.s. 0.945 0.946 0.894
MK,1st 1.162 1.162 1.460 MK∗,1st 1.264 – 1.414
Mss,g.s. 0.693 0.693 Mφ,g.s. 1.077 1.078 1.019
Mss,1st 1.278 1.278 Mφ,1st 1.402 1.400
Mss,2nd 1.572
∗ Mφ,2nd 1.430 1.428 1.680
Mφ,3rd 1.598
∗ 2.175
MD,g.s. – – 1.870 MD∗,g.s. – – 2.010
MDs,g.s. 2.075 2.041
# 1.968 MD∗s ,g.s. – – 2.112
MDs,1st 2.313 2.267
#
Mηc,g.s. 2.984 2.944
# 2.984 MJ/ψ,g.s. 3.136 3.098
# 3.097
Mηc,1st 3.278 3.225
# MJ/ψ,1st 3.346 3.309
#
Mηc,2nd 3.557 3.508
# 3.639 MJ/ψ,2nd 3.593 3.553
# 3.686
MJ/ψ,3rd 3.601 3.563
# 3.773
TABLE I: Mass spectrum of pseudo-scalar (JP = 0−) and vector (JP = 1−) bound states for the parameter set
ω = 0.5 GeV, D = 16 GeV−2, mu = md = 5 MeV, ms = 115 MeV and mc = 1130 MeV and experimental values,
in units of GeV. “g.s.”,“1st” and “2nd” etc. stand for ground state, the first and second excitations etc. Gray
values marked with ∗ indicate that calculations already reached the pole region. The “–” for the D, D∗ and D∗s
ground states means that no bound state for the employed parameters could be found; accordingly, there is also
no solution for the (radial) excitations. Note for Ds and cc states the different schemes in fixing the quark masses
compared to [19], where ms = 90 MeV and mc = 1110 MeV are used (marked by
#). Experimental data from
[42].
can not make an analog analysis of orbital Regge trajectories. Instead, we consider the excitations in the
0− and 1− channels separately as a generalization of radial Regge trajectories.
As already mentioned above, here, another issue is the discrepancy of calculated and experimental
values of excitations. Another problem is given by the very few excitations which are accessible without
intruding poles in the relevant complex momentum domain. In Table I, the states which are hampered by
such poles are marked by ”*”. Furthermore, determining the bound states by the zeros of det|Sˆ−1| does
not strictly ensure a given C parity. Comparing with [19] one observes some states are to be attributed to
JPC = 0−− and JPC = 1−+, see third columns in Table I in the 0− and 1− parts. Instead of disputing
the issue of exotic [19] or anomalous states (cf. paragraph 3 in [45] for a comprehensive discussion as
well as [46]), we take our calculated values of 0− and 1− states and check the arising sequence of g.s.
and 1st, 2nd · · · states as proxy for radial Regge trajectories for linearity, see Fig. 4 for an example with
apparently n˜ linear trajectory. In fact, for certain parameter choices we find such linear Regge trajectories
of excitations parameterized by M2 = M20 +βn˜+cn˜
2 with negligibly small values of c. We ignore thereby
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FIG. 4: (Color online) Examples of pion bound sates (symbols, m1,2 = mq = mu) and the fitted Regge
trajectory (blue line) as a function of the ”radial quantum number” n˜ (which is however a count label for the
zeros of det|Sˆ − 1|) for ω = 0.32 GeV and a = 0.5 GeV3. In contrast to our standard parameters used in Table I,
here the n˜ = 1, 2 states are shifted and an n˜ = 3 pion state appears additionally.
that some states have improper C parity, i.e. we simply attribute the quantity n˜ to the count label of the
excited 0− or 1− sates as indicated in Table I.
Some survey is exhibited in Fig. 5, where a few 0− states are depicted (left column) and the Regge
slope parameters as well as a linearity measure are displayed too (right column). In that study, we freeze
in a = ω5D and vary the parameter ω. As known, the ground state masses are kept constant under
such a variation, but evidently the excited states depend on ω, even up to a disappearance of certain
states, e.g. pi and s¯s. The slope changes with ω, while the linearity is strikingly good in the depicted
parameter range. This is in contrast to the 1− channel (see Fig. 6) where, at fixed values of ω5D, also the
ground states vary with changing ω; linear Regge trajectories are hardly accessible within the preferred
parameter range adjusted to 0− states, cf. also [33]. One reason is the appearance of very narrow states,
similar to the 3rd/4th excitations in Fig. 2. The other reason is the large nonlinearity measure in some
cases or both obstacles together, see Fig. 6. Nevertheless, when taking the averaged energy of the narrow
double states and count these as one state, we do see some Regge type behavior for certain parameter
ranges.
Despite the poor agreement of (radial) excitations with experimental data, evidenced in Table I in both
the 0− and 1− channels, we emphasize the occurrence of the linear (Regge) trajectories w.r.t. the count
label n˜ as proxy of the proper radial quantum number n in the pseudo-scalar channels, thus extending
the analysis of [18, 44] towards radial excitations. It remains to be checked whether the Marris-Tandy
kernel helps improving the excitations in the vector channel towards establishing a linear Regge pattern,
at least qualitatively.
IV. SUMMARY
In summary we test the capability to catch the first excited states of mesons (pseudo-scalar JP = 0− and
vector JP = 1− channels) by using the Dyson-Schwinger and Bethe-Salpeter equations in rainbow-ladder
approximation equipped with the Alkofer-Watson-Weigel kernel. In particular, we establish a certain
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FIG. 5: (Color online) Left column: Spectra of 0− states representing pions (a: mq = mu), kaons (b: m1 = mu,
m2 = ms), fictitious pseudo-scalar s¯s states (c: mq = ms), and ηc (d: mq = mc) as a function of ω for
a ≡ ω5D = 0.5 GeV3. The dot-dot-dashed curves mark the limit of the mass squared region wherein a save
determination without accounting for divergences is possible. Note the according disappearance of the n˜ = 3
excitations in (a - c) for larger values of ω at given a. The case of a = 1 GeV3 is reported in [41], where
also the (dis)appearance regions of D and Ds are explored. Empty symbols: exotic states. Right column: The
corresponding Regge slope coefficients β (empty violet squares), the quadratic term c (empty green circles) in fits
of the spectra by M2n = M
2
0 + βn˜+ cn˜
2, β ≡ µ2, and the deviation measure from linear behavior defined by |c/β|
(blue triangles).
parameter range in which excitations do form a linear (Regge) trajectory. This is, however, restricted
to the pseudo-scalar channel. Other channels, including larger angular momenta, require improvements,
among them refined interaction kernels in conjunction with symmetry preserving truncations. The ulti-
mate goal is to arrive a coherent framework which catches the observed sequences of hadron states on
Regge trajectories in both the J and n directions. This is the first step of an attempt to describe hadron
properties, and thus implicitly confinement and relevant scales, together with the subsequent extension
to finite temperatures and baryon densities in follow-up investigations. Irrespectively of the quest for
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FIG. 6: (Color online) As Fig. 5 but for the 1− vector channel representing ρ (a: mq = mu), K∗ (b: m1 = mu,
m2 = ms), φ (c: mq = ms), and J/ψ (d: mq = mc). Note that in the case of very adjacent states these are
handled as one state with averaged energy.
linear Regge trajectories in radial direction is the need of a proper account of the 1s, 2s and 3s states
in the quarkonia vector channels J/ψ and Υ which serve as sources of direct probes in ultra-relativistic
heavy-ion collisions. According to our contemporary understanding, at some temperature and at small
baryon density, hadrons as quasi-particle degrees of QCD should disappear in favor of quasi-quark and
quasi-gluon degrees of freedom. The transition happens gradually and may depend on the flavor channel
under consideration. For larger baryon densities, the transition could be abrupt, supposed a critical point
occurs in the phase diagram of strongly interacting matter. A few large-scale heavy-ion experiments, e.g.
the beam-energy scan at RHIC, NA61/SHINE at SPS, CBM at SIS100, as well at NICA and J-PARC
address in their physics programs the critical point search. For that, both the properties of hadrons as
individual entities and the behavior of hadron matter are key quantities in reconstructing the final state
of strong-interaction matter in collision.
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Appendix: Spin-angular harmonics
The BS vertex function Γ can be expanded into spin-angular harmonics:
Γ(p) =
αmax∑
α=1
Γα(p) =
αmax∑
α=1
gα(p) Tα(~p) (7)
with functions gα fulfilling the orthogonality relation gα(p) =
∫
dΩ~p Tr[ Γ(p)T †α (~p) ]. For pseudo-scalar
mesons (JP = 0−), the number of independent spin-angular harmonics αmax = 4, and the set is chosen
as
T1(~p) = 1√
16pi
γ5 = T †1 (~p), T2(~p) =
1√
16pi
γ0γ5 = −T †2 (~p),
T3(~p) = − 1√
16pi
/n~pγ
0γ5 = T †3 (~p), T4(~p) = −
1√
16pi
/n~pγ
5 = T †4 (~p),
(8)
and for vector mesons (JP = 1−), αmax = 8 with
T1(~p) =
√
1
16pi
/ξM = T †1 (~p), T2(~p) = −
√
1
16pi
γ0/ξM = T †2 (~p),
T3(~p) = −
√
3
16pi
(n~p ξM) = T †3 (~p),
T4(~p) =
√
3
32pi
γ0[−(n~pξM) + /n~p /ξM] = −T †4 (~p),
T5(~p) =
√
1
32pi
[/ξM + 3(n~p ξM)/n~p] = −T †5 (~p),
T6(~p) =
√
1
32pi
γ0[/ξM + 3(n~p ξM)/n~p] = T †6 (~p),
T7(~p) = −
√
3
16pi
γ0(n~p ξM) = T †7 (~p),
T8(~p) =
√
3
32pi
[−(n~p ξM) + /n~p /ξM] = −T †8 (~p).
(9)
Scalar products are displayed here in Minkowski space; n~p is the unit vector n~p = (0, ~p/|~p|), ξM = (0, ~ξM)
is the polarization vector fixed by ~ξ+1 = −(1, i, 0)/
√
2, ~ξ−1 = (1,−i, 0)/
√
2, ~ξ0 = (0, 0, 1) and slashed
quantities such as /x represent γµxµ.
The partial amplitudes Γα(p) and the interaction kernel (6) are decomposed over the basis of spherical
harmonics Ylm(θ, φ) and normalized Gegenbauer polynomials Xnl(χ),
Znlm = Xnl(χ)Ylm(θ, φ) (10)
=
√
22l+1
pi
(n+ 1)(n− l)!l!2
(n+ l + 1)!
sinl χGl+1n−l(cosχ)Ylm(θ, φ), (11)
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with familiar Gegenbauer polynomials Gl+1n−l(cosχ). The hyper angle χ is defined by cosχ = p4/p˜ and
sinχ = |~p|/p˜, where p˜ = (p24 + ~p 2)1/2 is the modulus for an Euclidean four-vector p = (p4, ~p). The partial
decompositions of Γα(p) and D
AWW (p− k) read
Γα(p) =
∑
n
ϕnα,lα(p˜)Xnlα(χp)Tα(~p), (12)
DAWW (p− k) = 2pi2
∑
κλµ
1
κ+ 1
Vκ(p˜, k˜)Xκλ(χp)Xκλ(χk)Yλµ(Ωp)Y
∗
λµ(Ωk), (13)
where Vκ(p˜, k˜) are the partial kernels and ϕ
n
α,lα
(p˜) are the expansion coefficients of the partial amplitudes.
Actually lα is restricted by the corresponding orbital momentum encoded in Tα(~p). For T1,2(~p) from
Eq. (8), lα = 0 holds, while for T3,4(~p) lα = 1. In analogy for vector mesons (see (9)), lα = 0 for T1,2(~p),
lα = 1 for T3,4,7,8(~p) and lα = 2 for T5,6(~p).
The spin-angular harmonics Tα(~p) possess a well defined C parity, and the normalized Gegenbauer
polynomials Xnl(χp) have a well defined symmetry too. Therefore, keeping only each second entry in the
sum in Eq. (12) yields a well defined C parity of the bound states upon Γ¯(q, P ) ≡ [C Γ(−q, P ) C−1]T =
ηCΓ(q, P ) with C = γ2γ4 (see [19] for further details).
Changing the integration variables to the hyperspace, d4k = k˜3 sin2 χk sin θkdk˜ ×dχkdθkdφk, inserting
Eq. (12) and (13) into (5) and performing the necessary angular integration, a system of integral equations
for the expansion coefficients ϕnα,lα(p˜) as the N elements of X remains:
ϕnα,lα(p˜) =
∑
β
∞∑
m=1
∫
dk˜k˜3Sˆαβ(p˜, k˜,m, n)ϕ
m
β,lβ
(k˜). (14)
The explicit expression for Sˆαβ(p˜, k˜,m, n) reads
Sˆαβ(p˜, k˜,m, n) =
∑
κ
∫
sin2 χkdχkXmlβ (χk)Xκλ(χk)σs,v(k˜
2
1)σs,v(k˜
2
2)
×Aαβ(p˜, k˜, κ, χk, n),
(15)
where k˜21,2 is given by k˜
2
1,2 = k˜
2 − η21,2M212 ± η1,2M12 cosχ with momentum partitioning parameters
η1 + η2 = 1 and Aαβ(p˜, k˜, κ, χk, n) results from calculations of traces and angular integrations as
Aαβ(p˜, k˜, κ, χk, n) =
∫
sin2 χpdχpdΩpdΩkVκ(p˜, k˜)Xnlα(χp)Xκλ(χp)Yλµ(Ωp)Y
∗
λµ(Ωk)
× Tr[dµν((p− k)2)γµ...Tα(~p) · · · Tα(~p)γν ].
(16)
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